Abstract. We study local-global questions for Galois cohomology over the function field of a curve defined over a p-adic field, the main focus being weak approximation of rational points. We construct a 9-term Poitou-Tate type exact sequence for tori over a field as above (and also a 12-term sequence for finite modules). Like in the number field case, part of the sequence can then be used to analyze the defect of weak approximation for a torus. We also show that the defect of weak approximation is controlled by a certain subgroup of the third unramified cohomology group of the torus.
Introduction
This paper is the companion piece to [15] , containing investigations concerning local-global questions for tori defined over the function field K of a curve over a finite extension of Q p . As recalled in the introduction of [15] , our project has been motivated by the recent awakening of interest in local-global principles for group schemes defined over fields of cohomological dimension strictly greater than 2, as documented in the work of Harbater, Hartmann and Krashen [16] as well as Colliot-Thélène, Parimala and Suresh ( [7] , [8] ).
In [15] two of us are studying the Hasse principle for torsors under tori over a field K as above, the main tool being a global duality theorem. Presently our main concern is weak approximation for tori. As in the classical case over number fields, this necessitates going beyond duality and establishing a Poitou-Tate type exact sequence for tori over K. Here is our first main result:
Theorem 0.1. (= Theorem 2.9) Let k be a finite extension of Q p , and T a torus defined over the function field of a smooth proper k-curve X. There is an exact sequence of topological groups
In this sequence, T ′ denotes the dual torus of T (i.e. the torus whose character group is the cocharacter group of T ) and the groups P i (T ) are certain restricted products of local cohomology groups to be defined in Section 2. Furthermore, the subscript 'tors' stands for the torsion subgroup, the subscript ∧ indicates the inverse limit of mod n quotients for all n > 0, and the superscript D means continuous dual with values in Q/Z. In Section 2 we shall also construct a 12-term exact sequence of similar type for finite group schemes over K.
As in the number field case, part of the sequence can be used to analyze the defect of weak approximation for a torus. The question here is whether for T as above the group of points T (K) is dense in the topological product of the groups T (K v ), where K v denotes the completion of K with respect to the discrete valuation associated with a closed point v ∈ X, equipped with its natural topology. The answer is yes when the torus is K-rational, but in general there is an obstruction, as shown by the following analogue of a classical result of Voskresenskii ( [30] ; see also [9] and [25] ).
Theorem 0.2. (= Theorem 3.3 b)) For K and X as above, denote by X
(1) the set of closed points of X. For a K-torus T let T (K) denote the closure of T (K) in the topological product of the T (K v ) for all v ∈ X (1) . There is an exact sequence
where
is the subgroup of classes whose image in H 1 (K v , T ) is trivial for all v ∈ X (1) , and
is the subgroup of classes whose image in H 2 (K v , T ′ ) is trivial for all but finitely many v.
Note that, in contrast to the number field case, in our situation the group X 2 ω (T ′ ) may be infinite (see Proposition 3.5 below), whereas X 1 (T ) is always finite. In the last section we reinterpret the above theorem using the reciprocity obstruction to weak approximation first studied by J-L. Colliot-Thélène. In our case this obstruction is defined by means of the subgroup H 3 nr (K(T ), Q/Z(2)) ⊂ H 3 (K(T ), Q/Z(2)) of elements having trivial residues for all discrete valuations of K(T ) trivial on K. (Here Q/Z(2) denotes the direct limit of the torsionétale sheaves µ ⊗2 n for all n.) As we shall recall in detail in Section 4, evaluating classes at K v -points of T induces a pairing v∈X (1) T (K v ) × H In fact, in Theorem 4.2 we shall prove slightly more: we construct a homomorphism u : X (2)), and show that it is enough to consider the restriction of the pairing to Im(u) in order to obtain the conclusion of the theorem.
The above theorems were announced, in slightly weaker form, by the second author in seminar lectures given in 2002. The proofs given in the present text were worked out by the first and third authors in 2012-13, in connection with the results of [15] . We are very grateful to Jean-Louis Colliot-Thélène and Yves de Cornulier for instructive discussions. Part of this work has been done while the first and third authors were visiting each other's home institutions whose hospitality was greatly appreciated. The first author would also like to thank the Centre Bernoulli (Lausanne) for hospitality and the third author the Hungarian Science Foundation OTKA for partial support under grant No. NK81203.
Notation and conventions.
The following conventions will be adopted throughout the article.
Abelian groups. Given an abelian group A, we shall denote by A the quotient of A by its maximal divisible subgroup Div A. The n-torsion subgroup and (for ℓ prime) the ℓ-primary torsion subgroup of A will be denoted by n A and A{ℓ}, respectively. If A is torsion, it is said to be of cofinite type if for each n > 0, the subgroup n A is finite. For A a topological abelian group the notation A D will stand for the group of continuous homomorphisms A → Q/Z. The functor A → A D is an anti-equivalence of categories between ℓ-primary torsion abelian groups of cofinite type (with the discrete topology) and Z ℓ -modules of finite type (with the profinite topology).
The notation A ∧ will stand for the profinite completion of A, i.e. the inverse limit of its finite quotients. We shall denote by A ∧ the inverse limit of the quotients A/nA for all n > 0.
Unless otherwise stated, all cohomology groups will be taken with respect to thé etale topology.
Tori. For a torus T over a field F we shall denote by T its character module and by T its module of cocharacters. These are finitely generated free Z-modules equipped with a Galois action, and moreover T is the Z-linear dual of T . The dual torus T ′ of T is by definition the F -torus with character group T . The torus T is quasi-trivial if T is a permutation module, i.e. it has a Galois invariant basis. The torus T is flasque if it is split by a finiteétale Galois cover of the base with group G and H −1 (H, T ) = 0 for all subgroups H ⊂ G. It is coflasque if it has a similar property for H 1 instead of H −1 . The dual of a flasque torus is coflasque and vice versa. Every torus T has a flasque resolution, i.e. an exact sequence
with P a quasi-trivial and S a flasque torus. This holds in fact not just over fields but over arbitrary bases, under very mild assumptions ( [10] , Theorem 1.3).
Motivic complexes. For i ≥ 0 and a separated scheme V of finite type over a field F we denote by z i (X, •) Bloch's cycle complex defined in [2] . If V is smooth, theétale motivic complex Z(i) over V is defined as the complex of sheaves z i (−, •)[−2i] on the smallétale site of V . For i = 1 we have a quasi-isomorphism of complexes of sheaves Z(1) ∼ = G m [−1]. The analogously defined Zariski motivic complex will be denoted by Z(i) Zar . For an abelian group A we denote by A(i) the complex A⊗Z(i) and similarly for Z(i) Zar (since the terms of Z(i) are torsion free, this is the same as the derived tensor product). For m invertible in F we have a quasi-isomorphism of complexes ofétale sheaves
where µ m is theétale sheaf of m-th roots of unity placed in degree 0 (Geisser-Levine [12] , Theorem 1.5). Thus we shall also use the notation Q/Z(i) for the direct limit of the sheaves µ ⊗i m for all m > 0. Function fields. Throughout the paper, k will be a finite extension of Q p for a prime number p, and X a smooth proper geometrically integral curve over k. The set of all closed points of X will be denoted by X (1) , and its function field by K. For a closed point v ∈ X
(1) we denote by κ(v) its residue field, and by K v the completion of K for the discrete valuation induced by v. Then κ(v) is also the residue field of the ring of integers O v and is a finite extension of k. Therefore K v is a 2-dimensional local field , i.e. a field complete with respect to a discrete valuation whose residue field is a classical local field.
Duality results: summary and complements
In this section we recall the main duality results established in [15] and prove some complements that will be needed for the construction of the Poitou-Tate exact sequence.
Let us start with the local theory. Given a discrete valuation v of the function field K coming from a closed point of the curve X, the completion of K at v is a 2-dimensional local field. For such a K v there is a canonical isomorphism
by [15] , Lemma 2.1. If T is a torus over K with dual torus T ′ , there is a canonical pairing
in the derived category ofétale sheaves over K v . It can be constructed using the quasi-isomorphisms
(which follow from the quasi-isomorphism
together. We therefore obtain cup-product pairings
Concerning these pairings, we have: Proposition 1.1. The pairing (4) is a perfect pairing of finite groups for i = 1. For i = 0 it becomes a perfect pairing between a profinite and a torsion group, after replacing H 0 (K v , T ) by its profinite completion.
Proof. See [15] , Proposition 2.2.
Recall also (e.g. from [23] , I. 2.17) that for a finite K v -group scheme F there are perfect pairings of finite groups
where F ′ := Hom(F, Q/Z(2)). Note that in the case when F is the m-torsion subgroup m T of a K-torus T for some m > 0, we have
We now establish some additional properties of local duality for finite group schemes and for tori. Proposition 1.2. Assume F is a finite group scheme over K v that extends to a finite andétale group scheme F over Spec O v . Then under the pairing
In fact, it is not obvious a priori that the maps
are injective, but this will follow from exact sequences (7) and (8) in the proof below.
Proof. First of all, the cup-product pairing
the residue field κ(v) being of cohomological dimension 2. Let now I v be the inertia subgroup of the Galois group G v of K v , and denote by G(v) = G v /I v the Galois group of the residue field κ(v). By assumption, we may identify F with a G v -module with trivial I v -action, and we have
, F ) (and likewise for F ′ ). Since F is unramified, the Hochschild-Serre spectral sequence yields a short exact sequence
Using moreover the fact that the exact sequence of Galois groups
, we similarly get a short exact sequence
On the other hand, the G(v)-module H 1 (I, F ) = Hom(I, F ) is isomorphic to F (−1), which is the module of characters of F ′ (and vice versa). Therefore by Tate's local duality theorem for finite Galois modules over p-adic fields, the last terms in exact sequences (7) and (8) are dual finite abelian groups. It follows that 
Note that for each n > 0 the groups H 0 (K v , T )/n and their subgroups H 0 (O v , T )/n are finite. Hence the profinite completions
respectively. Also, as in the previous proposition, the injectivity of the maps
will be justified in the course of the proof.
Proof. a) As before, the pairing
There is a commutative diagram with exact rows
by Hilbert's Theorem 90 as T is split by an unramified extension.
A diagram chase now shows that there exists
Since this holds for every n > 0, the image of t in the finite group
We already know that the pairing is trivial on
then implies t ∈ H 0 (O v , T )/n because the right vertical map is injective, again by a Hochschild-Serre argument. This proves the statement.
We conclude this section by recalling the global duality theorems of [15] . Given a torus T over our function field K, we set
for i ≥ 1. Similar notation will be used for a finite group scheme F over K.
Theorem 1.4. Given a K-torus T , there is a perfect pairing of finite groups
Similarly, for a finite group scheme F over K there are perfect pairings of finite groups
Proof. See [15] , Theorems 4.1 and 4.4.
Poitou-Tate exact sequences
In this section we construct Poitou-Tate type sequences for finite modules and tori over K. We start with the case of finite modules. Let F be a finite group scheme over K. We know that F extends to a finiteétale group scheme F over a suitable Zariski open U 0 ⊂ X. For each i ≥ 0 denote by P i (F ) the topological restricted product of the H i (K v , F ) for all v ∈ X (1) with respect to the images of the maps
(we shall use the same notation for a K-torus instead of a finite module). One sees that P i (F ) does not depend on the choices of U 0 and of F . We have
Also,
is a p-adic field (hence of cohomological dimension 2). The group P 0 (F ) is profinite (hence compact) being the product of finite groups, and P 3 (F ) is discrete as a direct sum of such, but the other two groups are only locally compact.
The following result gives pieces of the Poitou-Tate exact sequence.
Proposition 2.1. For i = 1, 2, 3 there are exact sequences
where the map θ is defined via the local pairings , v by the formula
Note that since for almost all v the module F is unramified at v and moreover
, the sum in the above formula is actually finite because the pairings (6) over O v are trivial.
For the proof we need the following lemma (which is in fact valid over an arbitrary base field).
Proof. The statement follows from the commutative diagram
whose exact rows come from localization sequences inétale cohomology.
Proof of Proposition 2.1. Let U 0 and F be as above. For every nonempty Zariski open subset V ⊂ U 0 there is an exact sequence of finite groups
constructed as in ( [23] , Lemma II.2.4), noting that we may replace henselisations at v by completions in view of Greenberg's approximation theorem [13] (see e.g. the proof of [14] , Lemma 2.7 for a detailed argument). Lemma 2.2 then yields an exact sequence
by Artin-Verdier duality for finite modules (see e.g. [11] , §5.2). Therefore by taking the inverse limit over V we get an exact sequence
(In fact, one needs to be a bit careful here since the index set of the inverse limit is uncountable. We have to check that if an element (f v ) of the middle term has trivial image in
For each nonempty open V ⊂ U the assumption implies that the image of the truncated element
is nonempty by exact sequence (10) . On the other hand for W ⊂ V we obviously have E W ⊂ E V , so the intersection of all subsets E V in the finite set H i (U, F ) is nonempty, as required.) Finally, taking now direct limit over U yields the exact sequence
The full statement of the Poitou-Tate sequence is:
Theorem 2.3 (Poitou-Tate sequence for finite modules). Let F be a finite Galois module over K. There is a 12-term exact sequence of topological groups:
In this statement the groups H i (K, F ) and H i (K, F ′ ) are equipped with the discrete topology (hence the dual of H i (K, F ′ ) is compact), and the topology of the restricted products has already been described.
For the proof we need the following general lemma about topological groups which is well known to the experts (whoever they may be) but for which we could not find a reference.
be an exact sequence of Hausdorff, locally compact and totally disconnected topological abelian groups. Assume that the morphisms i and p are strict. Then the dual
Recall that a continuous homomorphism f : A → B of topological groups is said to be strict if f induces an isomorphism between A/Ker(f ) (equipped with the quotient topology) and Im(f ) (equipped with the subspace topology induced by B). Proof. The injectivity of the map C D → B D is obvious. Since i is strict, we can identify A with its image in B, equipped with the subspace topology. A continuous homomorphism B → Q/Z that is trivial on A factors through the topological quotient B/A. As p is strict, it thus induces a continuous homomorphism C → Q/Z. This shows the exactness of the dual sequence in the middle, so it remains to justify the surjectivity of the map B D → A D , which we now do following an argument kindly explained to us by Yves de Cornulier.
Our task is to extend a continuous homomorphism f : A → Q/Z to a continuous homomorphism B → Q/Z. This is easy if A is open in B: we may extend f to a homomorphism g : B → Q/Z because Q/Z is divisible, and g is automatically continuous because it is continuous in a neighbourhood of 0 by openness of A.
To reduce to the above special case, note first that by replacing A and B by their quotients modulo Ker(f ) we may assume that f is injective. This then implies that A has the discrete topology because Ker(f ) = {0} is then an open subgroup of A, the group Q/Z being discrete. Now the assumption that B is locally compact and totally disconnected implies by ( Proof of Theorem 2.3. Exactness of the two middle rows follows from Proposition 2.1. That of the third is also a consequence, once we note the surjectivity of the map
This follows from the injectivity of the dual maps
via the local duality theorem for finite modules. The first row becomes the dual of the last one if we exchange F and F ′ , so it is exact as well, the last row being an exact sequence of discrete torsion groups. The vertical maps are defined using Theorem 1.4. It remains to show that the dual of the exact sequence
is still exact for i = 1, 2, 3. Since local duality (5) induces a perfect duality of the locally compact groups P i (F ) and P 3−i (F ′ ) (this uses Proposition 1.2 for i = 1, 2), we can then conclude the exactness of
To do so, we apply Lemma 2.4, so we only have to prove that the morphism 
by Lemma 2.2, we are done.
We now turn to tori. The following proposition is similar to Proposition 2.1.
Proposition 2.5. Let T be a K-torus. There are exact sequences of topological groups
Here P 1 (T ) is a topological restricted product of finite discrete groups. The topology on P 2 (T ) tors is defined as follows. For each n > 0 the group n P 2 (T ) (restricted product of the n H 2 (K v , T ) with respect to the n H 2 (O v , T )) is equipped with the restricted product topology associated with the discrete topology on each n H 2 (K v , T ). Their direct limit P 2 (T ) tors is equipped with the direct limit topology and not by the subspace topology induced by P 2 (T ).
Before starting the proof, we have to recall from [15] some properties of the cohomology of tori over open subcurves of X. 
inducing a perfect pairing of finite groups
Proof. The first statement is ( [15] , Proposition 3.4 (1)). To prove (2), note first that H 2 c (U, T ) is a torsion group ( [15] , Corollary 3.3). Propositions 4.2 and 3.6 of [15] imply that there is a well-defined map
whose cokernel has finite ℓ-primary part for U sufficiently small. Since the groups H 1 (K v , T ) have bounded exponent by Hilbert's Theorem 90 and a restrictioncorestriction argument, the finiteness of H 2 c (U, T ){ℓ} follows from statement (1). Finally, the last statement follows from the Artin-Verdier style result of ( [15] , Theorem 1.3), noting that for an ℓ-primary torsion group A of cofinite type the quotient A modulo the maximal divisible subgroup is isomorphic to the inverse limit lim ← − A/ℓ m A.
Proof of Proposition 2.5. Extend T , T ′ to tori T , T ′ over a nonempty Zariski affine open subset U 0 ⊂ X. We first prove the first statement along the lines of Proposition 2.1. The K-torus T is split by an extension of degree m > 0. Given nonempty open subsets V ⊂ U ⊂ U 0 , there is an exact sequence
obtained similarly as (10) , except that we use Harder's lemma ( [17] , Lemma 4.1.3) instead of Lemma 2.2. The K-torus T is split by some field extension of degree m > 0, so the middle term has exponent dividing m by Hilbert's Theorem 90. We therefore obtain an exact sequence
whose terms are finite by Proposition 2.6 (1). We know by Lemma 2.6 (2) that for V sufficiently small the group H 2 c (V, T ){ℓ} is finite, and therefore its maximal divisible subgroup is trivial. Lemma 2.6 (3) then implies that the map
whence an exact sequence of finite groups
Taking the inverse limit over V ⊂ U as in the proof of Proposition 2.1 and noting that H 1 (K, T ′ ) is also of exponent dividing m, we get an exact sequence
Replacing H 1 (U, T )/m by H 1 (U, T ) and taking the direct limit along the subsets U we then obtain exact sequence (11) .
To prove the second statement, we fix an integer n > 0 and start with the exact sequence
given by Theorem 2.3. Consider the commutative diagram with exact first row
where the dual of the third vertical map comes from the exact sequence
The map in question is in fact an isomorphism because the Tate module of H 1 (K, T ′ ) is zero, the group H 1 (K, T ′ ) being of finite exponent. Similarly, the first vertical map is an isomorphism because H 1 (K, T ) is torsion and hence
are onto (the latter for v ∈ U 0 ), the middle vertical map is also onto. A diagram chase then yields exact sequence (12) except for the zero on the right. By the diagram and by the exact sequence of Theorem 2.3 this will follow if we prove that the direct limit over n of the groups H 3 (K, n T ) is trivial. Note first that this direct limit is We shall also need the following consequence of local duality. Lemma 2.7. The local duality theorem induces a perfect duality between the locally compact groups P 1 (T ) and P 1 (T ′ ). It also induces an isomorphism
Proof. The first assertion is an immediate consequence of Prop. 1.3 a). The second one follows from part b) of the proposition, the definition of the topology on P 2 (T ) tors as well as the canonical isomorphism between P 0 (T )/n and the restricted product of the H 0 (K v , T )/n for each n > 0. To see that the natural surjections P 0 (T )/n → H 0 (K v , T )/n indeed induce an isomorphism with the restricted product it suffices to show the injectivity of the maps
n. This in turn follows from the injectivity of the maps 
We have a commutative diagram with injective vertical maps:
The horizontal maps are isomorphisms because We now arrive at Theorem 2.9 (Poitou-Tate sequence for tori). Let T be a K-torus. There is an exact sequence of topological groups:
Proof. Exactness of the second and third rows follows from Proposition 2.5. The vertical maps are defined using Theorem 1.4. The exactness of To get the exactness of
we observe that by Lemma 2.7 it is the dual of the exact sequence
To see that the dual remains exact, we need to check, again using Lemma 2.4, that
tors is a strict morphism. Again we show that in fact the image
Fix n > 0, and let A n be the inverse image in
By Lemma 2.8, the group A n lies in the image of the map
for V sufficiently small). Therefore A n is a torsion group of cofinite type by Proposition 2.6 (1), which implies that A n /n is finite. In particular the image of A n in the n-torsion group B n is finite. Since this image is I ∩ B n , we obtain that I is discrete in P 2 (T ′ ) tors by definition of the topology on P 2 (T ′ ) tors . Finally, the exactness of the first row is obtained by dualizing the last one (after exchanging T and T ′ ), once we have observed that for each n > 0 the bidual of the discrete torsion group H 0 (K, T ′ )/n is itself. The dual of the last row remains exact because by definition of the topology on P 2 (T ) tors and the equality (
Remark 2.10. The above sequence looks like the Poitou-Tate exact sequence for a finite module (or a torus) over a number field. But there is an important difference: the group P 2 (T ) tors is not discrete (neither is its quotient by the image of H 2 (K, T )), and its dual is not compact.
Obstruction to weak approximation for tori
In this section we address weak approximation questions for tori. First some notation: for a finite set of places S ⊂ X
(1) and a positive integer i we define
for every finite group scheme F over K. We also define X i ω (F ) ⊂ H i (K, F ) as the subgroup of elements whose restriction to H i (K v , F ) is zero for all but finitely many v ∈ X (1) . Thus X i ω (F ) is the direct limit of the X i S (F ) over all finite S ⊂ X (1) . Similar notation will be used for tori.
We start with the following consequence of Proposition 2.1.
Lemma 3.1. Let S ⊂ X (1) be a finite set of places, and let F be a finite group scheme over K. For i = 1, 2 there are exact sequences
where the second map is given by
Proof. Proposition 2.1 applied to F ′ implies an exact sequence
because an element in the middle group can be completed by 0's to yield an element of P i (F ′ ). Now the result is obtained by dualizing, replacing i by 3 − i and applying local duality (5).
Next comes the key finiteness lemma. Its first part generalizes Remark 3.5 of [15] . . By Shapiro's lemma it is sufficient to deal with the case T = G m . Each element α ∈ X 2 S (G m ) comes from an element α U ∈ Br U for some open U ⊂ X whose restriction to Br K v is 0 for all v ∈ U . It is sufficient to prove that α U ∈ Br X. Indeed, this will then imply
, where O X,v is the local ring of X at the closed point v whose completion is the ring of integers O v of K v . Since the restriction map Br O v → Br K v is injective, we conclude that α U maps to 0 already in Br O v . Composing with the isomorphism Br O v ∼ = Br κ(v) we conclude that α U maps to 0 by the 'evaluation at v' map Br X → Br κ(v) induced by v. Therefore α U is orthogonal to Pic X for Lichtenbaum's duality pairing Br X × Pic X → Q/Z which is defined in [22] by a sum of evaluation maps, from which we conclude α U = 0.
Pick v ∈ X − U and set k ′ := κ(v). We have to show that the residue χ ∈
with f (w) = v and κ(w) = k ′ . We may further assume V to be integral and write K for its function field. Let π be a uniformizing parameter of the local ring O V ,w .
We define an element β of Br K by
where π is viewed in
. By a standard residue computation, the residue of β at w is zero, and after shrinking V if necessary we can assume that β ∈ Br V . Since f isétale, by the implicit function theorem it induces a homeomorphism for the p-adic topology from an open neighborhood Ω of w onto an open neighborhood Ω of v. We may further assume Ω − {v} ⊂ U (k ′ ). Since β ∈ Br V , we can assume (shrinking Ω if necessary) that the evaluation map
is constant (see for example [3] , Lemma 6.2). Then, using the assumption α U,u = 0 for u ∈ U , we see that the evaluation map
is identically 0, so the map
is constant.
Shrinking again V if necessary, we can find a Zariski open subset
) containing 0 and a smooth k ′ -morphism ϕ : V → W sending w to 0 such that the pullback of t ∈ O W,0 to O V ,w is π. Using again the implicit function theorem, we find a p-adic neighborhood Ω 1 of 0 ∈ W (k ′ ) such that the evaluation map
is constant. In fact, it is identically 0 because if we take a uniformizing parameter π k ′ ∈ O k ′ and consider P = π rm k ′ for r large enough, then P ∈ Ω 1 and also P ∪χ = 0 as mχ = 0. Now considering elements of the form u.π n k ′ for large n with some unit u, we see that we may represent classes in
by points in Ω 1 , and hence we conclude that χ is orthogonal to H 1 (k ′ , µ m ) for Tate's local duality pairing. This implies χ = 0, as desired.
b) We deduce via a restriction-corestriction argument from the case T = G m that the groups X 2 S (T ) and X 2 ω (T ) are of finite exponent. On the other hand, using the exact sequence
we obtain that X 2 S (T ) is of cofinite type because X 2 (T ) is finite by Proposition 2.6 (2) and for each n > 0 the Kummer sequence induces a surjection of the finite group
We now turn to statements concerning weak approximation. Given a variety Y over K, we equip the sets Y (K v ) with the v-adic topology defined by the discrete valuation coming from the closed point v ∈ X. By definition, weak approximation holds for Y if the diagonal image of Y (K) is dense in the topological direct product of the Y (K v ). Note that this is the case when Y is smooth and K-rational. Indeed, for the affine space weak approximation is just the classical Artin-Whaples approximation lemma ( [21] , Theorem XII.1.2) for discrete valuations, and the general case follows from the implicit function theorem for ultrametric valuations ( [28] , Part II, §III.10) which implies that for all v and all nonempty Zariski open subsets U ⊂ X the subset U (K v ) is dense in X(K v ) for the v-adic topology. Theorem 3.3. Let T be a torus over K. a) For a finite set S ⊂ X (1) of places denote by T (K) S be the closure of
There is an exact sequence of finite groups
where the map λ S is defined using the local duality pairings , v by
b) Similarly, denote by T (K) the closure of T (K) in the (topological) product of the T (K v ) for all v. There is an exact sequence
with an analogously defined map λ ω .
Note that the maps λ S and λ ω are continuous because the local duality pairings
Proof. a) We follow the method of Sansuc [25] . First, note that a quasi-trivial K-torus satisfies weak approximation as it is K-rational, and therefore the cokernel of the first map in (13) does not change if we multiply T by a quasi-trivial torus.
On the other hand, Lemma 3.2 a) and Hilbert's Theorem 90 imply that the last two terms in the sequence do not change either when T is multiplied by a quasi-trivial torus. So we are free to perform such an operation during the proof. Also, if the statement holds for some finite direct power T m of T , it holds for T as well. So up to replacing T by some T m × Q with Q quasi-trivial, we may apply a lemma of Ono (see e.g. [25] , Lemma 1.7) to find an exact sequence of commutative K-group
where R is a quasi-trivial torus and F is finite. This induces a dual exact sequence of Galois modules
the map of cocharacters R → T is injective by finiteness of F . On the other hand, tensoring the exact sequence of character groups
by Z(1) [1] in the derived sense we obtain an exact triangle
in which using formula (3) we may identify the middle map with the surjection
There is a commutative diagram with exact rows :
where the isomorphism at the bottom comes from the vanishing of the groups
The last column is exact by Lemma 3.1. Moreover, the map ρ R has dense image, again because R is a quasi-trivial torus. A diagram chasing therefore yields an exact sequence 0
To get the exactness of the last three terms in (13), we start from the exact sequence
Dualizing this sequence, we get using Proposition 1.1 and Theorem 1.4 an exact sequence b) Taking the projective limit over S in (13), we obtain the exactness of
To get the exactness of the last three terms, we proceed as in a). After dualizing the exact sequence
we see that it is sufficient to prove that the image of
It is therefore sufficient to show that the quotient of (15), we obtain that this quotient is the same as the quotient of the profinite group
by the closure of the image of
, hence it is compact as well. This concludes the proof.
Recall that T is said to satisfy the weak weak approximation property if there exists a finite set S 0 ⊂ X (1) such that for every finite set S ⊂ X (1) with Conversely, if there exists a finite set S 0 ⊂ X (1) such that T satisfies weak approximation outside S 0 , then for every finite set of places S disjoint from S 0 we have X 2 S (T ′ ) = X 2 (T ′ ) by Theorem 3.3 a) and Theorem 1.4. Hence there is an exact sequence
Now the finiteness of X 2 ω (T ′ ) follows in the same way as in the proof of Lemma 3.2 b).
We close this section by observing that, in contrast to the number field case, it may happen that for a K-torus T the group X 2 ω (T ) is infinite, and therefore the obstruction in Theorem 3.3 is not finite.
Proposition 3.5. The exists a torus T over K = Q p (t) with X 2 ω (T ) infinite. Proof. It suffices to find a torus Q over K = Q p (t) with infinite X 1 ω (Q). Indeed, since for a quasi-trivial torus P we have
One can then choose Q to be the base change to K of a coflasque Q p -torus Q 0 . Since Q 0 is coflasque, we have by definition H 1 (k ′ , Q 0 ) = 0 for every finite extension k ′ |Q p , whence H 1 (k ′ , Q 0 ) = 0 by Tate local duality for tori. This implies
Qp and model Q over U , and thus for v ∈ U the image of α in 
Indeed, we have
, Proposition 7, page 191; see also Lemma 5 and Proposition 6 of the same paper), but
The image of A b by the residue map
for any open neighbourhood U b of b (see the remark below for the residue argument used here). Since Q p -rational points are Zariski dense in P 
whence the residue map H i (K v , T ) → H i (k(v), T ) used above for i = 1. By construction, for i = 1 its value is a on elements of the form inf(a) ∪ π for a ∈ H 1 (k(v), T ) and π a uniformizer, and it vanishes on classes coming from H 1 (O v , T ). In the above proof this construction was applied to completions of local rings of smooth k-curves. In fact, it can be shown using the global localization sequence iń etale cohomology that on a smooth k-curve U with fraction field K the classes in H i (K, T ) that come from some class in H i (U, T ) are exactly those whose residues are trivial at all closed points of U , but we did not need this fact.
Reciprocity obstructions to weak approximation
For varieties over number fields, unramified elements in the Brauer group have been used for a long time to construct obstructions to weak approximation. As was observed by Colliot-Thélène in the 1990's, such obstructions can be defined using higher unramified cohomology groups as well. A detailed exposition is given in §2 of the recent preprint [8] ; we give here a reasonably self-contained exposition of the special case we need.
Recall that given a field F and a smooth F -variety Y with function field F (Y ), the unramified part H If now F = K is the function field of a curve X over a finite extension k|Q p and F ′ = K v is the completion of K at a closed point v ∈ X, for i = 3 and j = 2 the above construction yields a pairing
n ). ¿From this we can construct a pairing (17) v∈X (1) Y (K v ) × H 
by the composition of the maps (18) and (19) we obtain a homomorphism u : X 2 ω (T ′ ) → H 3 nr (K(T ), Q/Z(2)) as in the statement of the theorem. Let (P v ) ∈ v∈X (1) T (K v ). Observe that the evaluation
group H 4 (T c , Z(2)) and then composed with the map (19) which is in fact surjective but not injective in general ( [19] , Proposition 2.9).
4. Using the same tools as in Section 6 of [15] , one can show that the reciprocity obstruction to weak approximation associated with H 3 nr (K(G), Q/Z(2)) is still the only one for a quasi-split reductive K-group G such that the universal cover G sc of its derived subgroup satisfies weak approximation. This is in particular the case when G sc is K-rational, e.g. G sc = SL n . The proof requires a non-commutative generalization of Theorem 3.3 which can be obtained by adapting the methods of [25] in their full generality. Also, one has to use the noncommutative flasque resolutions of [6] to prove a non-commutative generalization of Theorem 4.2.
